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Abstract 



We establish sharp regularity and Fredholm theorems for the ^J^-Neumann problem on domains 
satisfying some non- generic geometric conditions. We use these domains to construct explicit examples 
of bad behaviour of the Kohn Laplacian: it is not always hypoelliptic up to the boundary, its partial 
inverse is not compact and it is not globally subelliptic. 
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1 Introduction 

In this paper we shall explore the L^-existence and boundary regularity of solutions to the 9j,-Neumann 
problem on strictly pseudoconvex CR manifolds. Rather than attempt to solve the problem in general, we 
shall focus on a geometrically simple model class of examples for which positive results can be found. We 
shall require that our domains possess a defining function p depending upon the real and imaginary parts 
of a particular CR function w, and further that the level sets of w produce a uniform foliation by compact, 
normal CR manifolds. 

The first part of this condition is typical for most discussions of solvability for either the Kohn Laplacian 
□j, or the 9^-complex on domains in CR manifolds. The study of the 9j-Neumann problem initiated with 
Kuranishi ([2], [7] and |5|), who established existence for a weighted Neumann problem on small balls, as 
part of his study of the embeddability of strictly pseudoconvex CR structures. More recently, Shaw has 
established unweighted L^-existence results for small sets of CR manifolds embedded in C" whose defining 
function satisfies both the condition above and a convexity constraint , see ^ or jjl] . With the additional 
simplifying condition that the boundary has no characteristic points, Diaz has refined the techniques first 
employed by Kuranishi. In |2| he established that under certain curvature conditions, solutions exist 
with exact Sobolev regularity and estimates for a problem closely related to the (9{,-Neumann problem. His 
solutions are only guaranteed to meet the second Neumann boundary condition. Exact regularity refers to 
estimates of the type ||<y3|L ||n^(/3||, . Diaz was interested in the tangential Cauchy-Riemann equations 
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and his results are sufficient to show the existence of smooth solutions. However in general, the solutions 
exhibit a loss of Sobolev regularity. The author has not found any sharp estimates at the boundary for 
either the 9f,-Neumann problem or the tangential Cauchy-Riemann equations in the literature. On compact 
manifolds however, the Kohn Laplacian is well understood. In |3I FoUand and Stein introduced a new class 
of function spaces and proved sharp estimates for the Kohn Laplacian in terms of these. 

The analysis of the 9j-Neumann problem is intricate as the operator is only subelliptic rather than 
elliptic. In addition the boundary conditions for the Neumann problem are non-coercive in the sense 
that the interior subelliptic estimates do not extend to the boundary of the domain SI. The presence of 
characteristic points on the boundary also complicates L? arguments enormously; the dimension of the 
horizontal space tangent to the boundary jumps. Both Kuranishi's and Diaz's argument for regularity 
involved the use of a subelliptic gain in directions tangent to the foliation by level sets of w. We shall 
work instead with the refined FoUand-Stein spaces, but the underlying principle will remain the same. In 
a manner similar to these previous authors, we shall decompose the operator into pieces tangential 
and transverse to the foliation. However we shall work with global estimates on the compact leaves of a 
foliation and use local elliptic estimates in the transverse directions. 

The conditions we shall impose upon the CR manifolds and the subdomains are highly non-generic. This 
will yield many geometric simplifications, such as being able to choose the associated characteristic vector 
field to be tangential to the foliation, which will greatly facilitate the process of decomposing the operator 
□j. The boundary conditions split naturally and we will be able to make very specific identifications of 
portions of the operator with the Kohn Laplacians associated to the foliating manifolds. Since each leaf 
of the foliation is compact, we can employ known results to obtain very precise estimates in directions 
tangential to the foliation. In |12| Tanaka constructed an explicit eigenvalue decomposition of on 
normal CR manifolds. We shall use this to decompose on the domain into an infinite family of elliptic 
operators on the hyperbolic plane. By studying these in detail and paying particular attention to uniformity 
of estimates over small hyperbolic balls, we shall be able to establish existence and sharp estimates for 
solutions to the 9j-Neumann problem. 

Since our conditions are very restrictive, the negative implications of our results are perhaps of more 
general interest. For example although we show that has closed range as an operator on L?{D), its 
partial inverse (1 + 0^)^^ is not a compact operator. This immediately implies that the 9{,-Neumann 
problem does not have global subelliptic estimates. A counter-example to compactness appeared in 
but the lower bound in the second estimate on page 162 appears to be incorrect. We shall provide a 
counter-example of our own in Section |51 In addition, the solutions to the 9{,-Neumann problem do not 
exhibit a gain of FoUand-Stein differentiability. We shall even show that hypoellipticity of depends on 
Kohn- Rossi cohomology of the foliating manifolds. Since our examples in many ways have the simplest 
possible geometry, it seems reasonable to conjecture that compactness and regularity gain fail generically. 

Despite the lack of global subelliptic estimates and the counter-examples to a gain of FoUand-Stein 
regularity at the boundary, we are able to construct a family of spaces for which 1 + is an isomorphism. 
The main theorem of Part 1 is 

Theorem A Let Q be a smoothly bounded domain in a strictly pseudoconvex CR manifold of dim,ension 
2n + 1 with n > 3 that satisfies the conditions of Section^ 

Suppose I < q < n — 2. Then on (0, q) -forms the operator 

1 + nfc : 3^'''^{n) — > 

is an isomorphism. 

When the Kohn-Rossi cohomology of the compact leaves vanishes at the (0, q) level then we can replace 
H- with Dj. 

The precise definition of the spaces and norms used here is given in SectionlHl We mention here that this 
theorem encodes exact regularity of solutions in the FoUand-Stein spaces in all directions. Furthermore we 
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obtain a full gain of two FoUand-Stein derivatives for all directions in the interior and in directions tangent 
to the foliation at the boundary. In particular, hypoellipticity at the boundary of solutions for 1 + is 
implied. 

The method used to construct our class of examples unfortunately precludes the possibility of our 
domains possessing characteristic points. However in the special case of the Heisenberg group and a 
foliation by spheres, the arguments can be extend to cover characteristic domains. This will be explored 
in detail in Part 2 for the unit ball of the Heisenberg group. 

An important application of the ^j^-Neumann problem is to solving the inhomogeneous tangential 
Cauchy-Riemann equation. Our main theorem yields an existence and regularity theory for this prob- 
lem. Our result is as follows: 

Theorem B Under the same conditions as Theorem^^ for any {O,q)-form <r G L^(f2) such that 9{,<r = 
and (,J-Ker{Dij) the equation 

is uniquely solvable for ip £ S^'^''^{Q). Furthermore, if <i then if> G 5^^''^{p.') and there is a uniform 

estimate 

Il''^ll,y''=.i(f2) ^ lkll.5^''(0)- 

Again the precise definitions of the spaces involved is put off until Section |51 However we note that this 
encodes exact regularity in the weighted FoUand-Stein spaces with a slight gain in directions tangential 
to the foliation. This is sufficient to establish solutions globally smooth up the boundary when <^ is itself 
smooth. 

Both Parts of this paper based on the Author's Ph.D. thesis at the University of Washington and 
benefited enormously from the guidance and criticism given by John M. Lee. 

2 Pseudohermitian Manifolds and the Kohn Laplacian 

Definition 2.1 An abstract (hypersurf ace-type) CR-structure on a (2n+l) -manifold M is a complex n- 
dimensional subbundle °T' C CTM such that 

(i) °T' n °T" = {0} where °T" = 

(ii) [C°°(°T'),C°°(°r')] C C°°(°T'). 

An odd dimensional manifold M paired with a CR-structure °T' is referred to as a CR-manifold. 

The real expression of a CR-structure consists of the real space H := Re (°T' © 07^") ^ TM together 
with a real automorphism J : H ^ H such that °T' is the -f i-eigenspace and °T" the — i-eigenspace for J . 
The integrability condition is then equivalent to the vanishing of the Niunhuis tensor 

N,j{X, Y) := [X, JY] + [JX, Y] - J {[X, Y] - [JX, JY]) . 

The real expression of the CR-structure on M is a real subbundle H of TM with dimension 2n. Thus 
H-^ = {a e T*M : a{X) — for all X e H} is a 1-dimensional fine bundle on M. Suppose that is 
trivial and admits a non- vanishing global section 9. The choice of the 1-form 9 is not canonical for the 
CR-structure. However, since 9 is determined up to multiplication by a non-vanishing C°° function, much 
can be derived from that is actually a property of the underlying CR-structure. 

Alternatively, a triple (M, J, 9) is referred to as a pseudohermitian manifold if the 1-form 9 is non- 
vanishing and the endomorphism J : Ker(6') — > Kei{9) satisfies — —1 and Nj = 0. Set H = Ker(0) and 
"T' = {X — iJX : X G H} then (M, "T') is the underlying CR structure for the pseudohermitian manifold. 
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Definition 2.2 The Levi form for a pseudohermitian manifold {M, J, 6) is defined by 

Lg{X,Y) ^ d9{X,JY) for X,Y £ C^{H). 

While Lg depends on the choice of contact form 9, non-degeneracy and number of non-zero eigenvalues 
depend only on the underlying CR-structure. In particular, we will say that a pseudohermitian (or CR) 
manifold is strictly pseudoconvex if the eigenvalues for its associated Levi form are either all positive or all 
negative. By multiplying by —1 if necessary we can always assume that they are all positive. 

It is well known that if the pseudohermitian manifold (M, J, 9) has a non-degenerate Levi form then 
there exists a unique (real) vector field T such that 9{T) = 1 and T^d9 — 0. This vector field, T, is referred 
to as the characteristic field for the pseudohermitian form 9. We obtain a geometric interpretation of the 
Levi form. Specifically, since 9 annihilates H, we see that Lg{X,Y) is the component of —[X, JY] in the 
characteristic direction. 

The characteristic field allows us to extend J to a linear bundle map TM — > TM by requiring JT — 0. 
A strictly pseudoconvex pseudohermitian structure thus induces a Hermitian metric on M defined by 

he{X, Y) = d9{X, JY) + 9{X)9{Y). 

In particular he{X,Y) — Lg{X,Y) for X,Y G H. When restricted to TM this defines a Riemannian 
metric. We shall call this the Webster metric. Suppose Z,W £ °T', then 

hg{Z, W) = d9{Z, iW) = -i9{[Z, W]) = Q 

by the integrability condition. Thus the Webster metric is compatible with the CR structure in the sense 
that °T' and °T" are orthogonal. Indeed there is an orthogonal decomposition 

CTM = °T' © °T" ® CT. 

For a smooth vector field X we shall denote by X' and X" the projections of X to °T' and °T" respectively. 
A strictly pseudoconvex pseudohermitian structure possesses a canonical connection. This allows us to 
intrinsically define a variety of Sobolev type spaces in addition to providing a useful computational tool. 

Lemma 2.3 // (Af, J, 9) is strictly pseudoconvex, there is a unique connection V on (M, J, 9) that is 
compatible with the pseudohermitian structure in the sense that H , T , J and d9 are all parallel and the 
torsion satisfies 

Tor{X,Y) = d9{X,Y)T 
ToriT, JX) = - JTor{T,X) 

This formulation of the connection was developed by Tanaka |12j . An alternative formulation in terms 
of a coframe was independently derived by Webster ^21 ■ Tanaka's proof is constructive and is based upon 
the useful formula 

Vx"Y' ^[X",Y']'. (2.1) 
The curvature i?^ of the connection is the (3, l)-tensor defined by 

R^'fiX, Y) = VxVy^ - Vy Vx</5 - ^[x.Y]'^- (2.2) 

The Webster metric associated to 9 induces a metric on every tensor bundle over M. The Webster- 
Tanaka connection also induces a connection on every bundle. We shall denote by T^M the space of 
contravariant m-tensors over M . For all k the Webster- Tanaka connection then induces a natural map 

V : C°°(r'" ® A'^M) c^(^T"'+^ A'^M). 



4 



The pseudohermitian form 9 induces a canonical volume form for the triple (M, J, 6), given explicitly 
by dV — 6 A (dd)". This yields a canonical global norm and inner product. We can now intrinsically 
describe a family of Sobolev type spaces for the pseudohermitian manifold {M, J, 0) . For some choice of 
non-negative integers k and m, let E be the bundle T^M^K^M. The Lg-Sobolev spaces for such bundles 
E are then inductively defined by 

.Jif,\E) = Ll{E) 

(2 Si 

Jf^g^iE) = ^^/"^(-E) : Vv3 G J%^-\T^M ^ E)^ , (j > 0) 



with norms defined by 



M\jffj{E)) ~ Ir ^\\li{t''M0E)- 



If 771 = we shall denote these spaces simply by J^g (M) . 

These spaces do not provide optimal results for the analysis of the Kohn Laplacian as it is not fully 
elliptic; it's only first order in the characteristic direction. The Folland-Stein spaces were introduced in 
^ to provide more refined regularity results. They are defined intrinsically on (M, J, 9) as follows. For a 
differential form w, we can decompose 

\7(p = VV + V'V + Vt(^ 0. 

Here we define V by \7'ip{-,X) = Vip{-,X') and V" by V"(p{-,X) = \7ip{-,X"). Now set 

\7[H]f VV + V'V = V(p - Vrf ® 0. 

The Folland-Stein spaces are now defined in an analogous fashion to the Sobolev spaces using the restricted 
operator \'[h] instead of V. More concretely 

^,°(M) = LUM) 

(2.4) 



with norms 



y^{M) = e yr\M) : V[H]V e yr\M)] , for j > 
ll^&,'(M) = Y.\\ i^mtv\\\i(My 



A lot of notation has been suppressed in this definition. A more careful description would follow the lines 

of E2|. 

The spaces ^g {Q) and ,5^g [Vl) can be defined for open subsets Vl C M simply by replacing M with 
in the definitions. 

When working locally in some well-behaved frame, the above definitions can be replaced by more 
concrete descriptions involving derivatives of functions. The nature of the argument expounded in Part 
2 of this paper requires careful analysis on unbounded domains, where the most convenient frames are 
singular or degenerate. The intrinsic definitions given above allow provide a solid foundation for dealing 
with this situation. 

Usually when we refer to the Folland-Stein spaces we shall impose an additional constraint on the forms 
under consideration. This constraint is the notion of bidegree. 

For the remainder of this section we suppose (M, J, 9) is a strictly pseudoconvex pseudohermitian 
manifold. Set Ag'^M = {yj G CT*M : = on °T' © CT} and let Ag'°M be the orthogonal complement 
to h^g'^M in CT*M. It should be stressed that these definitions are asymmetric. We extend to higher 
degree forms by setting Ag'^M = A^ (^A\'^ (g) A'' (^JsPg^M^. The space of degree k complex covector 
fields on M then admits the following orthogonal decomposition 

p+q=k 
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Denote the orthogonal projection CA^+'M Ag''^M by ttq''^ and define 

S(, = 7r^'«+' o d. (2.5) 

Then df^ maps C°°(A^^'^) ^ C°°(Ag''^+^). It should be remarked that this definition depends upon the 
pseudohermitian structure and is not canonical for the underlying CR structure. Using the language of 
holomorphic vector bundles and quotients, it is possible to construct an operator depending solely on the 
CR structure that reduces to our definition once a pseudohermitian form is chosen. However, for the 
purposes of this paper the concrete version offered here will suffice. It can also be computed in terms of 
the Webster- Tanaka connection. 

Lemma 2.4 For any smooth (O,q)-form (p 

a,^ = (-l)«(g + l)Alt (V'V). 

Proof: We shall prove the lemma for (0, l)-forms. The general case then follows from the observation that 
both operators obey the same product rules. For a (0, l)-form (p 

2Ait(v'V)(A:,r) = v<^(x,y") - v<^(y,x") = Vy^ix) - Vx"¥'(i") 
= r'V(x) - x'V(y) - ^{VyX - Vx"Y) 

= Y"^{X") - X"ip{Y") - ^{Vy"X" - Vx"Y") 

= Y"ip{X") - X"ip{Y") - ip{[Y", X"] + Tor{Y", X")) 

= -d,^{X,Y). 

Here we have made implicit use of the fact that °T' and °T" are parallel and that the torsion of two sections 
of °T" vanishes. 

■ 

It follows immediately from the definitions that 9^ o = 0. Thus defines a complex of differential 
forms on M. The associated cohomology is known as the Kohn- Rossi cohomology and is denoted by 
Hkr{M). a key tool for studying these groups is the Kohn Laplacian. 

Definition 2.5 // (M, J, 9) is a strictly pseudoconvex structure then the formal Kohn Laplacian is defined 
by 

□b = d^'&b + ^bdh 

where denotes the formal adjoint of 9^ with respect to the canonical LP' inner product on (M, J, 6) . 

Theorem 2.6 Let (M, J, 6) he a compact, strictly pseudoconvex pseudohermitian manifold of dimension 
2n-l. 

(a) If^<q<n — 2 then is a self-adjoint, Fredholm operator on L^(A^''M) and there is an orthogonal 

decomposition 

L2(AP'«M) = Rangeia,,) ® KeriOf,) 

= Range{df,) © Range{db) © Ker{Uf,). 

The operator 'Oi^ is suhelliptic. Therefore Ker{Dfj) is finite dimensional and (l + D;,)""'^ is a compact, 
bounded operator on L^. The cohomology group H^h (M) = Ker{D^). Furthermore the operator l+D^ 
is an isomorphism from J^^'=+2(Ag'«M) to J^^'=(Ag'«M) for all k>0. 

(b) If q = then Dj, is self-adjoint and has closed range as an operator on L^(Ag'°M) and there is an 
orthogonal decomposition 

L2(AP'°M) = Range{a^) ® Ker{a^). 
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Remark 2.7 The reader is cautioned that the dimension assumed in the theorem is 2n — 1 rather than 
the 2n + 1 of Definition 12.11 When we are adding the supposition that the manifold is compact we shall 
always adopt this drop of dimension, whereas if we are not presupposing compactness we shall continue to 
use 2n + 1. This is to ensure compatibility of results when we are working with a foliation of a domain by 
compact CR manifolds of codimension 2. 

Proof: The results of @ are the culmination of the work by FoUand and Stein in 4 . The self-adjointness 
of (O is similar to that of @. To show closed range we first note that on (p, 0)-forms ~ ^6^6 
and Ker(nj) — Ker(9j,). Clearly Range(nj) C Ker(9j)^. Suppose (p_LKer(9j). By @ we can write 
df^(p = □jjT/i + where <r G Ker(nj) and ■0±Ker(n^). Using the orthogonality properties it follows that 
? = and ip = d^i/j. Now we again use (jlj) to write ip = D^r. Then ip = B^D^t = B^B^B^t = D^B^t. Thus 
Range(nj =Ker(aj^. 

■ 

Remark 2.8 Throughout the literature, most computations and arguments concerning 9^, are conducted 
under the assumption that p = 0. When the bundle Ag'^AI is holomorphically trivial, it is easy to pass to 
the general case. Since CTM/°T" is a holomorphic bundle, local results always simply to the case p > 0. If 
j^2n-i globally (JYI embeddable as a hypersurface in C" then the embedding functions provide a global 
trivialisation. 

For a compact manifold, the formal and actual adjoints of Bf, are equal. However for manifolds 
with boundaries the issue of boundary conditions arises and we must make a subtly different definition to 
recover self-adjointness for the operator. 

Suppose f2 is a bounded open set in M with smooth boundary. We can restrict our complexes to forms 
defined on fi. We extend B^ to its maximal closure, also denoted 9^, and define B^ to be the L^-adjoint 
of this extended operator. We then define the Kohn Laplacian for by 

Dom(nfc) = {ipe Dom(afc) n Dom(4*) : B^ip £ I)oiJi{B;) and d^p G Dom(<9b)} 

and for ip £ Dom(n^) 

ObV = BbBtP' + B^B^p. 

This operator is self-adjoint as an operator on L^{Ag'''U) (see PP). For forms contained in Dom(n^) the 
operator agrees with the formal version defined above. The i9j,-Neumann problem on O is then to decide 
when the equation O^u = / on f2 can be solved for u £ Dom{D^) and obtain optimal regularity results. It 
is worth emphasising that there are boundary constraints on any solution u for it to lie in T)om(n\^). From 
the view point of CR geometry as opposed to pseudohermitian geometry we would also be free to choose 
an appropriate 9. 

The analysis of this problem is difficult for several reasons. The operator is not elliptic as it has 
only limited control over the characteristic direction. However, the FoUand-Stein spaces were constructed 
to address precisely this. The characteristic vector field T can be written as a commutation of vector 
fields from °T". Thus T is second order as an operator in the FoUand-Stein setting. Although is only 
subelliptic (see POj), it is fully elliptic in the FoUand-Stein directions. A second problem is that the boundary 
conditions are non-coercive in a sense to be made more precise later. There is also a third problem related 
to the geometry of the boundary dfl. 

Definition 2.9 A point x £ dfl is a characteristic point for il if the boundary is tangent to the distribution 
H at X, i.e. T^dfl — H^. 

At all non-characteristic points the tangent space to dO, intersects H transversely with codimension 
1. Thus at characteristic points there is a jump in the dimension of this intersection. This phenomenon 
makes obtaining estimates difficult near these points. 
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All positive results for this problem have required strict conditions on the geometry of the boundary of 
f2 and have returned non-sharp boundary regularity. See for example the work by Ricardo Diaz |5] or Mei- 
Chi Shaw TV . In particular very little is known about regularity when the domain possesses characteristic 
points. 

3 Compact, Normal Pseudohermitian Manifolds 

Under a certain geometric condition on a compact, pseudohermitian manifold it is possible to go much 
further with the study of the Kohn Laplacian. If some key operators commute then the techniques of 
harmonic analysis can be employed to construct a detailed and useful eigenform decomposition. The 
reader is cautioned that in this section we shall assume dimension 2n — 1 for our manifolds rather than 
2n + 1 as earlier. The reason for this shall soon become apparent. This section is a summary of work done 
by Tanaka |12| organised in a form more convenient for our current purposes. 

Definition 3.1 A strictly pseudoconvex pseudohermitian manifold (N,J,9) with characteristic field T is 
said to be normal if either of the following equivalent conditions hold 

(Nl) T is analytic, i.e. [T,C°°(°r')] ^ C°°(°r'). 

(N2) LtJ = 0, i.e. [T, JX\ = J[T,X] for all X e C°°{H). 

For a more thorough study of normal strictly pseudoconvex manifolds the reader is directed to jl2| . Here 
we shall immediately focus in on the specific parts of the harmonic analysis that we shall need later. 

Definition 3.2 The differential operator is defined on smooth differential forms 

Jlp — —i^T'-P 

and extended to he a maximal, closed unbounded operator on each L^(Ag'^A^). 

Note that the normality condition implies that .^preserves bidegree so this definition makes sense. 

Lemma 3.3 // (N, J, 9) is a normal, strictly pseudoconvex pseudohermitian manifold then 

(a) VtX = [T, X] 

(b) [^,a,]=o. 

(c) Tji?^ = 

Proof: Since N is normal if X G C°°{H) then 

Tor(r, JX) = VtJX ~ [T, .JX] = JVyA - J[T, X] = JTor(r, X). 

But by the defining properties of the Webster- Tanaka connection we have Tot{T, JX) — —JToi{T, X). 
Thus Tor(T, JX) = for aU such X. Thus TjTor = 0. Then for any vector field X 

VtX = Tor(r, X) + [T, X] = [T, X]. 

To see (0 we note that Q and (|N1(I imply that =f7 preserves bidegree. Thus for a (p, q)-form ip, d^]ip 
is the projection onto [p, q + l)-forms of d]. But —iCx and all Lie derivatives commute with the 
exterior derivative. 

For (jcj) we note that the tensors 0, d9 and J are all invariant under T and so the Webster- Tanaka 
connection is also. Thus 
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The result then foUows from @. 

■ 

The commutation property exhibited in |(EJ allows for the development of a very useful harmonic theory 
on compact, normal manifolds. 

Theorem 3.4 (Tanaka) Suppose N is a compact, normal, strictly pseudoconvex pseudohermitian mani- 
fold of dimension 2n — I with n > 3. Then for < q < n — 2 there is a countable collection of smooth (0, q) 
forms ^ [j ri{T, A) such that 

(a) 'y is an orthonormal basis for L'^^ (N) . 

(b) For a e - fiV, A) we have U^a = Ta and Jcr = Act. 

(c) For a e y, r(cr) > -{n -q~ l)A(cr). 

(d) There exists 7q > such that the space :~ {r((7) : a G 'f'^} is a subset of {0} U [7q, oo). 

(e) For each T e the image of y(T) := IJ y^iT, A) under the map a X{a) is discrete in R. 

A 

(f) The space JC^ := {(r(cr), A((t)) : cr £ '^''} is a discrete subspace of [0, oo) x R. 
Furthermore if q > then 

(g) is discrete. 

(h) There exists a constant C > such that |A(cr)| < C(l + r(cr)) for all a G 'f'^ . 

(i) Each y{T,X) is a finite (possibly empty) set. 
Proof: (sketch) 

When q > most parts of this theorem are fairly standard consequences of the subelliptic theory for 
the positive operator on compact strictly pseudoconvex manifolds. Again the reader is referred to jl2) 
for details, although they should be cautioned that the sign convention adopted here for ^^'is the opposite 
to that assumed there. Part follows from an identity also shown in 12 , that 

ai,(p~{n-q-l).^<f^a^(p (3.1) 

for smooth (0, g)-forms (0 < g < n — 1). Here □f,(p Df^if. Part (jgj) follows immediately from a result of 
Folland and Stein 0] that 1 + is an isomorphism from (N) to (N) . 

We note in that the existence of 7q in , indicating the presence of a spectral gap above the kernel 
for Djj, is implied by Dj, having closed range. 

When g = we still have closed range, but since Dj, is no longer subelliptic we shall instead base the 
argument around the self-adjoint operator P — 1 + + Now it is easy to see that P = 1 + 
where Af, is the sub-Laplacian of 9 . Thus P is subelliptic on functions. Furthermore P + 3''^ is strongly 
elliptic and P commutes with <^7when applied to smooth functions. We can therefore construct a smooth 
orthonormal basis 'f'^ for L^g p-j {N) such that each a G 'V'^ is an eigenfunction for both P and S'. In 
addition the pairs of eigenvalues (p(cr), A(tT)) form a discrete subset of M^. However we can use (|3.1|l to see 
that P = 1 + 20^ + (n — 1)^ Thus each a G 'f^ is also an eigenfunction for Dj,. Furthermore the map 
(x, y) I— > (x — 1 — (n — V)y, y) is an afhne transformation of that taking pairs of eigenvalues {p{u), X{a)) 
for P,,5'to pairs of eigenvalues (r((T), A(ct)) for D^, ^ Combined with the observation that Dj^ is positive, 
this establishes the discreteness result of (01 . All the other properties now follow from standard arguments 
and (EH). 
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Definition 3.5 For a E we define T{a) by 

□feCr = r(cr)(T. 

Then for a € 'f'^ we set 



G{a) = 



l + ^(cr))^/^ if a C.y, q>Q. 



We can then define an unbounded linear operator G on 1? which maps each a to G{a)a and is extended 
by linearity. 

These definitions make sense because of but tlie reader is cautioned to note tliat r{a) is a real 

function and not the conjugate of 

Lemma 3.6 Under the same conditions as Theorem \3.4\ the linear operator G is an isomorphism from 
^^+\N) to y^{N) for allk>0. 

Proof: The case q > foUows from Theorem 18. 41 When q = the resuh follows from the fact that 1 + At 
acts as an isomorphism between the requisite Folland-Stein spaces. The reader is referred to jH) for details. 

■ 

We conclude this section by noting some important examples of normal pseudohermitian manifolds. 

Example 3.7 (Unit Sphere) Let N — be the unit sphere in C" . We impose a strictly pseudocon- 

vex structure on N by setting 

e = ^ (z'^dz'' - z'^dz^) 

and taking J to be the map naturally induced from the holomorphic structure of C". The characteristic 
vector field is then given by 

T — i ( z*' ^ z'' ^ 
\ dz^ dz^ ^ 

which is just the infinitesimal generator of the natural U{1) action on N . The U{1) action acts by contact 
diffeomorphisms so N is normal. In Pj FoUand conducted a detailed study of the harmonic structure of 
□j. We shall exploit this heavily in Part 2 of this paper. Here we note that A^'^A^ is holomorphically 
trivial and the Kohn- Rossi cohomology for N at the (p, q) level vanishes when 1 < q < n — 2. □ 



Example 3.8 (Heisenberg Group) This example is non-compact but will be of considerable importance 
in Part 2. Set 11^"+^ = {(i, z) e R x C"}. A contact structure can be imposed by setting 6 = dt + iz^dz'' — 
iz^dz^ . Define a function w hy w :— t -\- iz^z^ . The operator J is then induced from the embedding of 
]g]-2n-i-i gjven by (t, z) ^ {w, z). The characteristic vector field is given by T = ^ which generates 

the translations along the t-axis. 

A second normal structure with the same underlying CR structure can be imposed on the subset H^"+^ — 
{z — 0} by defining 9 = {2z^z'^)~^0. Although singular at the set {z = 0} this pseudohermitian has the 
analytically pleasing properties that it is preserved by both dilations and translations. The characteristic 
field is given hy T = i (^^'^gfr — ^'^gf^)' then note that the level sets of the CR function w arc all 
naturally isomorphic to the unit sphere as pseudohermitian manifolds. □ 

Example 3.9 Let y be a compact Kahler manifold and E a holomorphic line bundle over V that is negative 
in the sense that the first Chern class of E can be represented by a negative (1, l)-form uj. Recall that a 
(1, l)-form Lo is negative if the symmetric form lo{X, JY) is negative definite. It follows from a theorem 
presented by Morrow and Kodaira (ILOJ, Theorem 7.4) that there is a connection on E with curvature ioj. 
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In the C/(l)-principle bundle M associated to E, this connection defines a choice of horizontal distribution. 
The Lie algebra for U{1) is naturally identifiable with iR. Thus 6, defined to be i times the connection 
1-form, is a non-vanishing real valued 1-form on M . The projection from the horizontal distribution to 
the tangent space of V induces a natural J operator for M. Now under suitable identifications dO = —uj 
on H. Thus the structure (M, J, 6) is strictly pseudoconvex. The characteristic field T is easily seen to 
be the infinitesimal generator of 1-paramctcr family given by the right action of e~'*. These extend to 
holomorphic transformations of E and so we get CtJ = 0. Hence M is normal. □ 

4 The Class of Model Examples 

In this section we introduce the class of model domains for our study of the S^-Neumann problem. We 
begin by assuming that {N, Jpf, 6n) is a compact, normal strictly pseudoconvex pseudohermitian manifold 
of dimension 2n — 1 with n > 3. We shall use the notation 

V :={w = t + isGC:s>0} 

to denote the upper halfplane model of 2 dimensional hyperbolic space. 

Definition 4.1 Set M to be the smooth product manifold U x N. Let tt : M ^ N be the natural projection 
onto N and m; : M — > U the natural projection onto U. 

We shall also use w as both a holomorphic coordinate on U and as a complex valued function on M. 
We identify all covariant tensors on N with their puUbacks via tt. For any vector field X on N we denote 
by X the unique vector field on M such that 7r*X = N and Xw = Xw = 0. 

Definition 4.2 

(i) Define Y to be the unique (smooth) vector field on M such that tt^F = — |Tjv and w^Y = 2is-^. 

(ii) A differential form (p is said to he tangential ifYjip = Y _iip = 0. 

(iii) Set 0° = ^dw and 0° = ¥. We identify these with w*0° and w*0° on M. 

Lemma 4.3 Construct a non-vanshing real 1-form on M by 

= 0^ + l0^-ie^ 

and define a distribution in CM by 

"T'M = {X :X G °T'N} ® span^ {Y). 

Then (M, °T'M) is a strictly pseudoconvex CR manifold that admits as a pseudohermitian form. Fur- 
thermore the characteristic vector field T is given by T = Tjv . 

Proof: For convenience we shall denote the first component oi°T'M by (T'M)^. The distribution "T'M 
clearly has the correct dimension for the pair (M, °T'M) to be CR. It just remains to show that its sections 
are closed under the Lie Bracket. This is true for each separate component of °T'M so it just remains to 
show this for [X, Y] for any section X of °T'N . Now by the defining properties of normal pseudohermitian 
manifolds we see that 

Ti,[X,Y] = [X,7:,Y] = [X,-'-Tn] G °T'N. 
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In addition Yw — and Yw = 2ilni(ti;) = w — w. Thus [X, Fjw — [X,Y]w — and hence [X, 1"] = 

[X,-^Tn] e °T'M. This imphes that {M,°T'M) is a CR manifold. A simple computation that shows 
that °T'AI C Kei{9) and so 6* is a pseudohermitian form. Since T_idd = we immediately see that 
Tw — Tw = and so T = Tjv. To show strict pseudoconvexity we note that vr, \Y, Y] = 0, [F, Y]w = —2is 
and [y, yjtD = —2is. Thus [Y,Y] ^ Y — Y — iT. Since the compact manifold N is strictly pseudoconvex, 
this is sufficient. 

■ 

Since we have a CR structure admitting a pseudohermitian form we can easily now construct a com- 
patible J operator making (M, J, 0) a strictly pseudoconvex pseudohermitian manifold. 

Corollary 4.4 Viewed as a function on AI , w is CR. 

The geometry of the pseudohermitian structure on M is closely related to that of the the compact 
manifold N. As a starting point, we note the following interactions between the intrinsic Webster- Tanaka 
connection V for M and for N. 

Lemma 4.5 Suppose X e C°°{CTN). 

(a) VyX = -|Vt^, v^y = 0. 

(b) V^ = V^Z. 

(c) \7^{n*^)^n*\7^^. 

(d) VyF = -Y mod {°T'My, div Y = -1. 

Proof: For part Q we note that any X is constant along any curve 7 such that 7r,7' = 0. Thus 
\/yX = —^WtX. Likewise 7r*(y -I- |r) = so F -I- |T is constant along any curve tangent to the level 
sets of w. Thus Vj^F = -fVjfT = 0. 

To see part © we construct an operator : C^^CTN) x C°°(CTiV) -> C°^ {CTN) by 

This operator is clearly a connection on N. Straightforward computations then imply that it meets defining 
properties of the Webster- Tanaka connection and thus by uniqueness — V^. From it follows that 
{S/j^Z, Y) = {S/j^Z , Y) =0. Thus V^Z annihilates w and Hj. This suffices for (0. Part © is an easy 
consequence of 

For part Q wc note that {VyY , Y) = -{Y , VyF). However VyY = [Y,Y]aT' = Y. From @ it 
follows that div Y ^9°{VyY) = -1. 

■ 

At last, we have the background to introduce the model class of examples for the study of the dy 
Neumann problem. Consider those domains of the form 

fl = D X N CM (4.1) 

where I? is a smoothly bounded precompact domain in U. These domains then satisfy two important 
properties 

(I) has no characteristic boundary points. 

(II) f2 admits a smooth defining function p depending solely on the real and imaginary parts of the CR 
function w. 
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The second of these is an immediate consequence of the definitions. To see the first just note that if Y p — 
at some point p then Y p = at p, thus dp ^ at p. Since p is a defining function for O it then follows 
that Yp 7^ on dil. Thus Oft is entirely non-characteristic. 

Remark 4.6 In Part 2 we shall focus on the non-compact domain D = {\w\ < 1} in U. In the special 
case when N is the unit sphere the Heisenberg group 11^"+^ can be viewed as a completion of M across 
the line {s = 0}. For this reason we shall conduct our analysis on the set D in such a way that the results 
apply to both the compact case and this one. 

The Kohn Laplacian depends upon the structure imposed by the pseudohermitian form. Recall that 
the volume form on M is given by dV ^ 6 A d9"'. A simple computation thus yields that 

Tl % 

dV = -dVN A -dw A dw. (4.2) 

We shall add some flexiblity by including the presence of a weight factor with > a fixed constant, 
i.e. 

jw,i^)s''dV. (4.3) 
o 

We shall also suppose that Kohn Laplacian is defined in terms of this weighted structure, but this shall 
largely be suppressed from the notation. 

Definition 4.7 For a {O,q)-form (p on M we define the transverse component of ip by (p^ :— Yj(p. Thus 
(fi-^ is a (0, g — \)-form. We also introduce the tangential component of ip by p^ :— p ^ 6'^ l\ (p-^ . 

Lemma 4.8 Let p and tp be smooth {0, q)-forms. Then 

(a) p> ^ p'^ + 6^ Ap^. 

(b) (vP, V) = + 

(c) {p>^y = p\ {p>'^)^^0. 

Only the second of these requires any work, but it follows easily from the observation that Y is per- 
pendicular to (T'Af )^ in the Levi metric. 

Define an operator by := 9^ — 6*° A Vy-. On (0,(7)-forms it follows immediately from Lemma 
12.41 that d^TT*u = Tr*d^u. We now use this operator to split the components of the Kohn Laplacian into 
tangential and transverse pieces. 

Lemma 4.9 Suppose (p is a {0, q)-form. Then 



(a) 










(b) 


{X/ypY 


'^Vyip-^), 






(c) 




= p^ ana 




Vy{p-^)^dJ{p>^). 


(d) 


{dtp>V 


= (5T)>T - 


KVy-)V^ 


- and {Blp)^ = {B^Yp^^ 



Proof: Parts @ and lO are easy consequences of the observations that d^fi'^ = and VyO^ = 6'^. The 
other parts follow easily from the definitions. 
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Lemma 4.10 Define two unbounded operators on L'^{A^''' M) by 

Suppose the {O,q)-form (p G _Dom(nj). Then Lp^ G Dom(P^ ), ip^ G Dom{P^) and 

a^p = p'^p'^ + 9^ AP^P^. 

Furthermore both P^ and P^ preserve the tangential properties of forms, so this is an orthogonal split. 
Proof: It follows easily from Lemma [4.91 that 

Now the formal adjoint of Vy- is given by div Y — Vy = — 1 — Vy. By Lemma [3.31 we see [V;^^, = 
from which it easily follows that [Vy , d^] = 0. Both commutation terms thus vanish. 

■ 

We can now use the harmonic analysis on the normal manifold N to construct a partial Fourier transform 
for M. For v > we shah denote by the collection of smooth forms {{^2/n)s~''^'^Tr*a : a G f^}. A 
typical element of will still be denoted by a. This definition is motivated by the observation that by 
(021) if /i, /2 e L^iD) and cti, CT2 e then 

\0, otherwise. ^ ' 

where the structure on D is induced by hyperbolic metric on U. The weighting by s'^ does not affect 
the adjoints of operators that act tangentially to the level sets of w. Thus the functions F, A and G are 
easily transferred over to the new sets without change. 

We can now construct the basic decomposition that will underlie all our subsequent analysis. 

Deflnition 4.11 Suppose (p G L^(Ag'^r2) (weighted by v). Then the tangential partial Fourier components 
of p> are 

p^Jiz):^ [ {^'^ ,a)s''7T*dVN, foraer,^. 



The transverse partial Fourier components are 

p>^iz):= [ {p^,a}s''7T*dVN, foraerr'- 



Lemma 4.12 For p G L'^{A°''^n) each p^ , p^ e L'\D) and 



Furthermore if ^ L^(Ag'''f2) then 
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Proof: The proof follows easily from the observation that the original set "J^* was an orthonormal basis 
for (0, (7)-forms on A*" and that each {w = c} is isomorphic to iV as a pseudohermitian manifold. 

■ 

Under appropriate identifications we can write Y — W + |T. Now Ws^'^^'^ = —v j^s^^l"^ and by 
unwinding the definitions we see — jVtc — \[a)a. This implies that Vy-<T = — {(A((t) + i')/2} a. 

Definition 4.13 Define and Wa as unbounded operators on L^(D) to be the maximal, closed extensions 
of 

This definition is motivated by the discussion above; for / G L^{D), Vyfo' = {Waf)(J, ^vfo- = {Waf)o- 
where these are defined. The reader is cautioned to note that Wa and Wa are not conjugate operators. 

Theorem 4.14 A {O,q)-form ip is contained in _Dom(nj) if and only if all (pj E Dom{W^Wa) for all 
a e and ip^ e Dom(WaW*) for all a £ ^J^^ ■ Furthermore for ip € Do?7i(nj 

□,^ = 5]{r(a)+W;W^,}^;a + 0"A [T{a) +WaW;} a. (4.5) 

Proof: For ip G Dom(n{,) the expression l|4.5|) for follows easily from Lemma [4.101 Each component of 
the operator defined by (|4.5|) is self-adjoint as and operator on L^(D). As the operator diagonalises, it is 
self-adjoint as an operator on L'^{n). However it is a closed extension of the self-adjoint operator and 
so must equal exactly. 

■ 

This result can be used to improve the result of Lemma [4. 101 We now see that a^ = P'^ +0° A as 
unbounded operators on L^(r2). 

We now introduce a family of Sobolev spaces for the domain D which are closely related to the FoUand- 
Stein spaces on fl. 

Definition 4.15 For a G we define W^{D) to be the collection of all u G L^{D) such that 

For fc > 1 the spaces W^{D) are then inductively defined as the collections of u E W^~^{D) such that 

At each degree these spaces are pairwise equivalent but the constants cannot be chosen to be uniform over 
all choices of cr. However this does yield a well-defined set W^{D) which is defined to be the closure of 
C^{D) under any of the norms W}{D). This allows to define Sobolev spaces with Dirichlet boundary 
conditions by W^{D) = W^{D) n W^{D). 

Lemma 4.16 For {0, q)-forms, the kth- order Folland-Stein norm || • H^fc^-fi-) is equivalent to the norm 
defined by 

III III 2 II T||2 II T||2 

II'PI ■= II V'cr ||#'j=(_D) + 2^ \\V<j\\wj'{D)- 
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This lemma is an easy consequence of the definitions and Lemma 13.61 and can easily be extended to various 
weighted versions. In the sequel we shall use these norms interchangeably and denote both by • L^fc,„s. 

_ MM Cf^Q 

We have now reduced the study of the 9[,-Neumann problem on il to the analysis of two separate 
infinite families of operators on the domain D. Each family is elliptic in the interior, although only the 
transverse family shall prove elliptic up to the boundary. In order to obtain estimates on 57 itself we shall 
need uniform estimates on these families in terms of a varying family of Sobolev norms associated to the 
members of . Since the family of elliptic operators under study will be closely related to these norms, 
this variation shall prove a boon. 



5 Analysis on the Hyperbolic Plane 

In the previous section we reduced the study of the Kohn Laplacian to understanding an infinite family of 
operators on the hyperbolic plane. Here we review some of the basic analysis of these types of operators. 
Throughout this section we suppose that Z? is a smooth domain in U bounded in the sense that 

sup l^l < oo. (5.1) 

We shall work with the following collection of Hcrmitian forms. For a, /3 £ R and sufficiently smooth 
functions u and v we define 

Qo^iv^v) = {{a + W)v, {a + W)u), 
Q0{v,u) ^{{f3 + W)v, i(3 + W)u). 

Here we have employed the convention that all unlabelled norms and inner products refer to L'^{D). 
We shall work primarily with the function space W^{D) which is defined as in Definition 14.151 but with 
A((t) = v = 0. This space is equivalent to any individual choice of W^{D). 

Much of our analysis in this section is based upon the following fundamental calculation. 

Lemma 5.1 For any a, c G R the following identity holds for all u,v £ W^{D): 

Qa{,V,u) = (1 - c)Q^a-c){v,u) + cQ(c-l-a){v , u) 

+ (2ca + c(l - c)^ {v,u). 

Proof: Clearly #"^(1)) C Dom(iy ) nDom(Vl^*). Since both sides of the required identity are continuous 
in W^ip) it is sufficient to prove the result for u,v & C^{D). 
We note that W* = 1 — W, so for a, G R we compute 

Qa(w,M) = {{l+a-W){a + W)v,u) 

and 

Qp{v,u) = {il + f3^W){l3 + W)v,u). 
Recalling that [W,W]^W -W we note 

{1 + (3 -W){f3 + W) ^ P{1 + /3) + + (1 - f3)W - WW. 

We then note that 

(a + 1 - + = (1 - c)(a - c + 1 - W){a - c + W) 

+ c(c - a - VK) (c - 1 - a + IF) 

+ aipi + 1) — (1 — c)(a — c + l)(a ^ c) — c(c — q;)(c — 1 — a) 
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and the proof easily follows from completing the square 



Corollary 5.2 Suppose a £ R 

(a) If a > \ then 2a\\u\\ < Qa{u,u) for u e W^{D). 

(b) If~l<a<\ then {a + ^f\\u\\^ < Qa{u,u) on for u G W^{D). 

(c) If a > — ^ then for some C > the estimate H'^^H^i^^-j ^ CQaiu^u) holds for u e W^{D). 

Proof: For @ take c = 1 . For (|EJ take c — a + ^. For Q take any < c < 1 and apply the previous 
parts. 

■ 

Corollary 5.3 Suppose a > — | and cj) is a bounded linear functional on W^{D). Then there exists a 
u £ such that 

Qaiv,u) = (f){v) 

for allv G W^{D). 

Proof: The Riesz representation theorem for the Hilbert space W^{D) (with inner product induced by 
W^{D)) implies the existence of an element z G W^{D) such that (j){v) ~ {v , Corollary 15.21 

(01 , the form Qa is strictly coercive over W^{D). Thus the standard Lax-Milgram Lemma can be applied 
to find a u G W^{D) such that Qaiv.u) = (u , 

■ 

Lemma 5.4 For any (5 G M there is a constant C{5) > depending solely on 5 such that 

\\u\\^ + Qa{u,u) < C{d) + Q{a+S){u,u)^ 

for all u G W'^{D) and a G M. 

Proof: If (5 = then any C > 1 works. Suppose (5 7^ and choose c such that 1 < < 1 + 5^^ . Then 

Q(a+5){u,u) + > Qq(w, U) + (1 + f^^)!!"!!^ 



25||u|| V Qa{u,u) 



2 



1 



>{l + 8'-c'5')\\u\\ ^)Qc.{u,u) 
> min |l - ^, 1 + <5^(1 - c2)| (q„(w, u) + ||uf ) . 
This constant is strictly positive and is independent of the choice of a and u. 

Theorem 5.5 Suppose D is precompact in U. Then for all a £K. 

(a) The hounded operator W + a: W^{D) L^{D) is injective with closed range. 

(b) The unbounded operator W + a: L^{D) L^iD) is surjective with infinite dimensional kernel. 
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Proof: When a > — ^, @ foUows immediately from Corollary 15.21 For a < — ^ we first note that if 
u € Ker(VF + a) then s"u is holomorphic on D. Since D is precompact and u G W^{D) this implies that 
s"w is a harmonic function that vanishes on dD. Thus u = and W + a is injective. Now apply Lemma 
15.41 and Lemma [5. II with < c < 1 to see that 

< CiQo{u,u) < C2 \\\u\\^ + Qa{u,u)^ . 

II 1 1 2 

Since M^ + a is injective, the Rellich Lemma then implies that there is an estimate jpH^^i^^,-) !i CQa{u,u) 
for u G 'W^{D) with some constant C > 0. For suppose there is a sequence Uj G W^{D) such that 
ll'^J ^ ^ ^""^^ Qa{uj,Uj) 0. By the Banach-Alaoghu Theorem there is a subsequence 

that converges weakly in W^{D) to some u G W^(D). By the Rellich Lemma this subsequences converges 
strongly to u in L^{D). Thus the limit u G W^{D) satisfies Qq(u, m) = 0. Injectivity of W^ + a then implies 
that It = 0, which contradicts the assumption that each = 1- This establishes (Q. 

For IE)) we note that the map u 1-^ (w, /) is bounded as a linear functional on W^{D). From the 
Rellich Lemma computation of @ we note that the result of CoroUarv 15 . 31 can be extended to all a G K 
when D is precompact. This implies the existence of a unique u G W^{D) such that Q_i_q-(w, u) = ( / , w ) 
for all V G W^{D). Since the formal adjoint of + a is —{W — 1 — a) we see / = {W + a)(W^ — a — l)u 
in the sense of distributions. This proves the slightly stronger result that {W + a){W + a)* is surjective 
as an unbounded map from W^{D) to L^{D). 

The kernel of + a as an unbounded map on is given by functions of the type s~" • h where h is 
holomorphic. This set is clearly infinite dimensional. 

■ 

Proposition 5.6 For all hounded domains D the domain of the operator W is exactly W^{D). 

Proof: Suppose u G Dom(T4^*) and /3 < . Then f ^ {fi + W)*u G L'^{D) and the functional 
V ^ { {W - /3 - l)v , f) is bounded on W^{D). The formal adjoint oi /3 + W is given by -{W - (3-1). 
Since /3 > — 5 we can apply CoroUarv 15.31 to establish the existence of a unique element z G W^{D) such 
that Q-i-p{v, z) = {{W - l3-l)v, f) for all v G W^{D). This implies that 

{{/3 + Wyv, {/3 + W)*{z + u)) = 

for all V G W^{D). We can repeat the argument of ijbJ to see that the operator {W + P){W + 0)* is 
surjective as an operator from W^{D) L^{D). Thus z + u ^ and so m G 'W^{D). 

u 

Theorem 5.7 Suppose D = {|w| < 1} C U. 

(a) If a> ~\ then 

(i) The hounded operator W + a: "W^iD) L^{D) is injective and has closed range, 
(ii) The unhounded operator W+a: L^{D) — > L^{D) is injective with dense range, hut not surjective. 

(b) If a < then 

(i) The hounded operator W + a: '^^(D) L^{D) is injective with dense range, hut not surjective. 
(ii) The unhounded operator W A- a: L^{D) — > L^{D) is surjective with infinite dimensional kernel. 
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Proof: Part (|aHl follows immediately from Corollary 15.21 The surjectivity of part l\hii^ has already 
been established in the argument for Proposition 15.61 The kernel consists of the products of s^" with 
holomorphic functions which is easily seen to be infinite dimensional. 

Injectivity for ^adi\i follows from the observation that if m G Ker(M^ + a) then s"u is holomorphic. 
Furthermore since u G L^{D) we can see that s^u extends continuously to zero across the line {s ~ 0}. 
The reflection principle implies we can extend it holomorphically across the axis and then the identity 
theorem implies that u vanishes identically. To see that the operator is not surjective we construct the 
following example: Let hj be a sequence of holomorphic functions that tend uniformly to 1 on some small 
disc around i/2 and uniformly to zero on some strip e < Im (w) < 2e. Now choose a smooth function cj) that 
is equal to 1 on Im (w) > 2e and on Im {w) < e for some small e > 0. Then the sequence fj = (f)s~°'hj is 
uniformly bounded away from in but {W + a)fj = {W4))s~'^hj tends uniformly to zero. As ly + a is 
injective this implies it does not have closed range so cannot be surjective. 

Injectivity for (|b^^l follows from the arguments of Theorem 15.51 By Proposition 15 . 61 we have W + a = 
— {W — 1 — a)* exactly as an operator W^{D) to L^{D). Thus dense range follows from injectivity in l|aMll . 



6 Transverse Regularity 

Let £) be a smoothly bounded domain in U, we shall suppose that the pair (D, v) satisfies one of the 
following conditions: (the results of Part 1 will focus on (|C1|) . Part 2 on ljC2p ') 

(CI) D is precompact in U and > 0. 

(C2) D = {\w\ < 1} C U and > 2. 

Throughout this section, we shall adopt the convention that unlabelled norms and inner products refer to 
L^{D). 

We define a continuous function dist (•, dD) on U by setting dist (•, dD) to be the hyperbolic distance 
from w to dD. We now construct a constant 5{D) > and smooth real valued function g G C°°(U) such 
that 

(Rl) Q ^ dist (•, dD) on {dist (•, dD) < 3S{D)} n D. 

(R2) g^lon {dist (■, dD) > 4S{D)} n D. 

(R3) g ^ Q on dD, g > on D and g < on IJ\D. 

Since D satisfies one of (jClll or (|C2p this fimction g can be constructed to possess the additional important 
properties 

(R4) fei := inf mmUWgl, \Wg\} > 0. 

dist(-,a_D)<3<5(_D) 

(R5) := sup max |iy^t^'=£»| < oo for aU to > 0. 

j+k<m 

If D is precompact then the above conditions are satisfied by any smooth defining function. When 
-D = {|w| < 1} then we note that dist {-^dD) is fixed under any Mobius transformation preserving dD. 
Thus the magnitude of W is preserved by Mobius transformations, the sizes of the various derivatives of 
dist (•, dD) at any point are determined purely by their values on the line t = Q. But along t = Q we can 
explicitly compute dist (•, dD) {t + is) — ~ Ins. By symmetry we this line critical in the ^-directions and 
so W^dist {-jdD) = sds{—lns) = —1 along t = 0. A simple smoothing out process then completes the 
construction of a suitable g. 

The extra precision is needed in the second case to allow us to construct estimates that are uniform 
not only across choice of a but also across a countable cover of the domain. This uniformity is essential to 
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obtaining regularity and estimates in Part 2 of this paper. The conditions (|R2|I and (|R3|I on q imply that 
it cannot be continuously extended to the entire line {Im (w) — 0}; it would need to take the value at 
the boundary points at infinity while taking the value 1 at interior points at infinity. 

To avoid integrability issues when D is not precompact, we shall need a refined class of smooth functions. 

Definition 6.1 

(f) The set C^{D) is the collection of all u S C°°{D) such that there is some e > with u — on 
{Im{w) < e}. 

(2) The set C^(D) is the collection of all u e C^(D) such that u = ondD. 

For a fixed predetermined value of q, we shall use the notation f{a,u) < g{(7,u) on W to indicate the 
existence of a constant C > such that f{a,u) < Cg{a,u) for all m S and cr G 'fj'. Throughout this 
section if an explicit W is not mentioned we shall take it to be C^{D). For convenience of reference we 
shall also set a ~ a{a) := {y + A((t))/2 — 1. The motivation behind this now being that formally 

where Wa —W + a. 

Lemma 6.2 If0<q<n-2 then on C^(D) 

(a) 1<T{(7) + E{a). 

(b) |A(cr)| < T{a)+E{a). 

(c) \Xia)\ <G{af. 

(d) G{af <T{cj) + E{a). 

Proof: We start by proving @. By Theorem 13.41 we see that there is a positive constant 7g such that 
either T[a) = or T{(j) > 7q. Thus we need only to establish a uniform estimate over those a with 
r((T) = 0. Choose e e (0,min{7^, \}) and suppose X{a) ^ [-t/{n-q~l),\+e-v/2]. Then by H3.1|l either 
r((T) > or a > — i + e. The second of these implies E{a) > e^. Thus the only a for which we have not 
yet established a uniform estimate are those for which (r(CT),A(cr)) G {0} x [— e/(n — q — 1), i + e — 1//2]. By 
Theorem l3.4l we see that the set of points (r(cT), A((t)) for tr G is discrete. Thus only finitely many can 
be contained in this compact set. li v > 2 then this set is actually empty and we are done. If < < 2 
then we must be assuming itcTl and so we can use CoroUarv 15 . 21 to see that E[a) > for all a G "f^. Since 
we have only a finite number of outstanding values of a, this is sufficient to show (j5(l. 

Although (0 would follow from Q and ijHJ we shall prove it first as it will simplify the arguments for 
the later parts. We spht the proof into two cases. First suppose a > so that | A (cr)| < max{i//2 — 1, A(cr)}. 
By part @ we need only establish an upper bound on A(ct). Since a > it follows easily from Corollary 
Othat E{a) > i(a + 1) = ii±|(£l > iA(cr). Next we suppose a < 0. But then 

r(cr) < A(cr) <2-iy. 

n — q — I 

Part (|EJ then follows easily from @. 

For part we first note that if q = then X{a) = T{a) - r{(7) and so |A(ct)| < T{a) + T^a) < G{(jY. 
lH<q<n — 2 the result follows immediately from the observation that 1 + is an isomorphism from 
S^{N) to L'^{N) while ^ is a bounded operator between the same spaces. 
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For part Q we note that when q > we easily have uniformity over those a such that T{a) > 7g. The 
result then follows from @ . When q — we need to work a little harder. However we note from (|3.1|l that 
G{(t) — 1 + (n — l)A(cr) + 2T(a) and each piece can be uniformly bounded using previous parts. 

■ 

Lemma 6.3 (Basic Estimate) Suppose < q < n — 2 and {D, v) satisfies either ifCij) or f C'g|) . Then on 

Ihll^-^HD) ^ +r(cr)||u|| . 

Proof: By density it is sufficient to show uniformity on C!^{D). Recall that by definition < 
Qa{u,u) on Then by LemmaO© we see G(ct)2 < T{a) + E{a) on C^(D). Now for u e C^(D) 

we can apply Lemma [5.41 to see 

Q{xia)-.)/2iu,u) + \\uf < Cia - (A(a) + iy)/2) {Qc,{u,u) + \\uf^ 

<C{,^-l)[Q^{u,u) + \\uf} 
<T{a)\\uf + Qc.{u,u) 
where the last line follows from Lemma 16.21 @ . Using Lemma 15.11 we see that 

Q-(v+X{a))/2{u, u) = Qa+i{u, u) - 2{a + l)\\u\\^ 

< Q„+i(u,u) + (1 - A(cr))||uf 

< C(-l) {q„(u,u) + ||uf } + |A(a)| \\uf 
<ria)\\uf + Q^iu,u). 

Combining these results establishes the lemma. 

■ 

Lemma 6.4 IfO<q<n — 2 and the pair [D, v) satisfies either KjI]) or i(JS^) then 

(a) is injective. 

(b) Dom{P^) C W^{D). 

(c) Ifuc C^(D) then T{a){v, u) + Qaiv,u) = (w, P^u) for all v G C^(I?). 

(d) There exists C > such that 

\\^\\wj(D) - ^W^cr "II 

for all u £ Dom{P^) and a £f^. 

(e) P^ has closed range. 

Proof: Fix a G 7^*. The formal adjoint of is 1 — t^/2 — Wa. Define a second order differential operator 

From the Basic Estimate it follows that for all / £ L^{D) there is some u € W^{D) such that 

T{a){v,u) +Q^iv,u) = {v,f) 

for all V G W^{D). This implies Ru = f in the sense of distributions. 
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If r(CT) > 7^ then clearly is injective. Suppose T{a) = 0. Then by (EU A(cr) > 0. Thus by Theorem 
15.51 if (|C1|I holds, or Theorem 15.71 if (|C2|I does, we see that Wa is surjective as an unbounded operator on 
L^{D). If M e Ker(Pj-) then 

0={u,P^u)^ \\W*u\\\ 

Thus u G Ker(W*). But is surjective. Therefore u — and we have established rfla. 

Fix u e Dom(Pj-) and set / = P^u G L'^{D). Solve the equation = / for w e W^{D). Since the 
formal adjoint of is ~Wa we see W^iD) n Dom(i?) C Dom(P^). Therefore P^v ^ Rv = f = P^u. 
But P^ is injective, so u = tj e /^^(Z?) and @ holds. 

Part (0) follows easily from injcctivity. Part (jdj is now an immediate consequence of the Basic Estimate 
and implies @. 

■ 

Definition 6.5 A family of differential operators {S{a)}ae~p'i is a -uniform of order k if each E{a) can 
he written as a polynomial of degree < k in G{<t), and Wa with coefficients that are smooth functions 
independent of a. 

It follows immediately that for a cr-uniform family of order k there is a constant C > such that 

for all u e m > and a G YJ. We shall use the notation L(fc-) to indicate an element a generic 

cr-uniform family when the precise is not important. Unwinding these definitions, we obtain the important 
commutation relation 

= i(l) + A(cr)i(o). (6.1) 

It should be stressed here that the family {A((t)} is cr-uniform of order 2. Furthermore it is easy to see 
that the formal adjoint of any is again cr-uniform of order 1. 

We shall frequently need to make the following extra suppositions about a cr-uniform family {5(cr)} 
and its interaction with a pair of cut-off functions ^, Q: 

(el) {£{a)} is cr-uniform of order 1. 

(e2) C C C; i-o. C = 1 the support of ^. 

(e3) £(cr)^ maps C^{D) to C^ip) 

(e4) C^iD) C Dom([f (a)C]*) 

Lemma 6.6 Suppose u G C^{D), and ^ and C, are cut-off functions satisfying \e^) . Then 

||G(cr)ew||^^i(^) < \\(:PaU\\ + ||Cu||^j(c)- 

Proof: We start by computing that 

r(a)||G(a)^uf + Q„(G(a)e«,G(a)C?/) - r(a)(^G(a)2eu, u) + Q„(eG(a)2^u,?/) 

+ ( W^G{a)(,u , [W, e]G(a)C« ) + ( K, W]G[a)^u , l^^C" ) ,^ 
= {iG{af^u, C/) + {L(^i)G{a)^u,Lf^^)G{cj)Cu) + ( L(o)G(a)^u , L(i)Cu ) 
= (L(i)G(a)^u, C/) + (L(i)G((T)e?/, L(o)G(a)C?/) + ( L(o)G((T)e^^ , L(i)Cu ) 
Then the Basic Estimate implies 

\\G{(^)^u\\)^i(D) - ll'^(^)^"ll#;i(D) {||C-P<T^"II + 

The result follows easily. 
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Lemma 6.7 Suppose the triple £(cr),^,C satisfy l^elp - je^l ). Then 

on C!^{D). Furthermore the uniform hounding constant can be chosen to depend solely on C,, ^ and their 
derivatives. 

Proof: Suppose v £ C^{D) and ^ C C' C C- We then compute 

T{a){u,£{a)^u) +Q^{v,£{a)iu) =T{a){i£{ayv , u) + {W^^v , £{a)iW^u) 

+ {W^v, [£{a)i,W]u) 
= V{a){i£{cjyv , u) + Q^{i£{a)*v,u) 

+ {[i£{a)\W]v , Wo.u) + {Wc.v, [£{(T%W]u) 
= {^£{arv,CP^u)+{{L^^+\(<7)L^o))^v,L^,)Cu) 
+ + A((t)L(o))C'u)- 

Since [£{(j), W] and (cr)*, W] are both (T-uniform of order 1 it is further clear that the bounding constants 
associated to the L(x) and L(-o) terms can be controlled by a constant multiple of sup 

Now set V = £(a)^u. Using the Basic Estimate combined with the observation that from Lemma |6.2I 
1 + |A((t)|1/2 < G(cr), we obtain 

The result now follows from Lemma |6.6I The restriction on the bounding constant follows from careful 
examination of the commutation terms. 

■ 

Lemma 6.8 Suppose the pair {D,iy) satisfies i|C'J|) or I^C2\} . Let ^ and be cut-off functions such that 
^ C C o,i^d one of the following holds 

(^1) C supported in the interior of D. 

(^2) C is supported in the region {dist{-,dD) < S{D)}. 

Then 

Furthermore the bounding constants can be chosen to depend solely on the magnitudes of ^, C and their 
derivatives. 

Proof: 

The proof will run as a delicate induction argument. The first step is to establish the result when fc = 0. 
If C satisfies then it is easy to check that if £(cr) equals either or Wa the conditions of (jeT|l - l|eH) 
are satisfied. The case A: = follows immediately from Lemma l6 . 61 and Lemma 16.71 

If instead ( satisfies the argument is a little trickier as we must be more restrictive in order to 
satisfy the conditions l|eT l- (|e4|l . We set 

£{a) = {Wg)W, - {Wg)W^. (6.3) 

We note that £{<j)q — Re [Wg) \{<j)q + ilm {W g) vg which vanishes on dD. Thus £{(j) preserves C^{D) 
and C^{D) is in the domain of its adjoint. Elementary commutation computations reveal that £{cr), f 
and C satisfy l|eT|l - (|e^ . Thus we can apply Lemma [6.71 to see that 
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We can explicitly compute 



[W,,£{cj)] = {WWq)W„ - {WWq)W, + {WQ){Wa -W„- \{ct)). 

Therefore 

(Wq)WI = {{£{a) + {Wq)W^] W„ 

= £{a)W, - {Wg){P^ - T{a) + {j, - 1)W, (6.4) 
= W,£{a) - {Wg)P^ + + G{afL^o) 

Since we are assuming ( |^2| ) we see from ljR4|) that \ Wg\ is bounded below on supp(C). This implies 

If D is not precompact then the uniform bounds on the derivatives of g are needed for this. A very similar 

-2 



argument gives control over the derivatives. All others can be deduced from Lemma l6T6l Thus we have 
established the result when fc = 0. 

We now proceed by induction supposing we established the result at all stages prior to k. Note that 
since G{cr) acts by constant multiplication, we easily obtain 

||G(cr)'?u||^j«+i(£,) < ||C-P^w||^B^. + ||C'G(cr)u||^i^^^ 

II -L II " II II ' ^^'^"^ 

where ^ C C' C C- 

Now suppose C satisfies \£2\ and choose C and C," so that ^ C ^' C C' C C" C C- Apply Lemma 1^771 
with £{a) as in (|6.3|) to establish 



< 



< 



£{<j)C'£{<t)'^u\\^^,^j,^ 

cp^£{a)'^(u\\ + iic'^We^l 

C£iaf(.P^u\\ + \\C[P^,£ia)''(,]u\\ + \\C£i<y)''^u\\^,^^^ 
L(k)C"Pau\\ + \\{L(k+i) + A(cr)L(fc))C"u|| + ||C""||^'=+i 



(Pa ^W-g/k^D) + lK"ll#-„i(r>) 



where the last line follows from H6.5|l and induction. We can now repeatedly apply H6.4|l together with 
commutation arguments together with similar results about W„ to establish the general result. Again if 
D is not precompact, the uniform bounds on the derivatives of g are needed at this stage. 

The argument when we assume instead of ( |^2| ) is similar but simpler as instead of needing to use 
£{a)'' we instead use operators of type 

In both cases, the restriction of the bounding constants follows from careful examination of the com- 
mutation terms at each stage. 

■ 

Lemma 6.9 Suppose that ip is an even function in C^(R). Set = ip{dist {■,p)'^) where dist {-jp) is the 
hyperbolic distance from d. Then each is smooth and for each m > 



sup max IW-'W 



Pi 



is finite and independent of p. 
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The lemma follows from routine computations involving the transitive action of the group of Mobius 
transformations on U. The key observation is that for any Mobius transformation (p there is some a G C 
with |a| = 1 such that (f>^,W — aW . 

Theorem 6.10 Suppose < q < n — 2 and {D, u) satisfies one of i|6'i|) or i|6'^) . Then if f & L'^{D) there 
exists a unique u G Dom{Pj-) such that P^u = /. Furthermore if Cf G yf'aiD) for some cut-off function 
C satisfying one of j| ) or then for any S, <Z C, we have G W^^'^lD) and a uniform estimate 

Proof: From the Basic Estimate we see that the self-adjoint operator is injective and has closed range. 
Standard analysis of unbounded operators then implies that P^ is surjective. Thus we can solve P;^u = / 
for u G Dom(P^) C W^iD). The regularity gain follows from the standard local regularity theory of 
elliptic operators. 

To establish the estimates we note that C'^{D) is dense in W^^'^iD) fLemma lA.QII . Choose C' such 
that 5 C C' C C and construct a sequence Uj in C^(p) such that Uj — > C,u in W^^'^iD). Now P^ is 
continuous from W^^'^iD') to ^^{D) so (^'P^Uj ('P^(u = ('f. By Lemma IFTHl there are estimates 
(uniform over a and j) of the form 

ll^"j||#'„'=+2(D) ^ IK ^o- "j|l#;'=(_D) + Ik "j||*;i(D)- 
Letting j oo then establishes the estimate 

lk"ll#'j=+^(D) - l|C/||#;fc(L,) + l|Cu||^_^i(£,)- (6-6) 

To obtain the stronger estimate, we run through the argument of Lemma 16.61 using instead of S^G{a)u. 
After an integration by parts on the final term of l|6.2|l . we obtain the estimate 

IK^IUjiD) - IK/II + IK"II- 

We can replace C by some C,' d C, in (|6.6(l and apply this estimate to complete the proof. 

■ 

Theorem 6.11 Suppose < q < n ~ 2 and {D, v) satisfies one of fCl\} or i(7g)) . Then for each a G 
and k > the operator 

p± . ^jc+2(^) ^ W^^{D) 

is an isomorphism. Furthermore the bounding constants are uniform over all choices of a € . 

Proof: Suppose / G 'Wj'{D), then by Theorem 16. 101 there is a unique u G Dom(P^) such that P^ = f. 
Since P^ is continuous between these spaces we just need to establish continuity of its inverse. 

Zorn's Lemma implies the existence of a maximal cover collection of points {pj} C D such that the 
open hyperbolic balls of radius e/2 about each pj are all disjoint. Clearly the balls B^{pj) form an open 
cover of D. Choose ^ > e and fix a pj. If Bs{pj) n Bs{pk) ^ then i?e/2(Pfe) C B(^2S+e){Pj)- This last 
ball has finite volume so can contain at most finitely many disjoint balls of radius e/2. With the number 
bounded by the ratio of the volumes of the balls of radius 2S + e and e/2. This ratio is independent of 
where the balls are centred. Thus the collection {Bs{pj)} is uniformly locally finite. 

Choose < e < (5 to be sufficiently small that any cut-off function supported in some Bs{pj) satisfies 
either or | |^2| | . For each j choose cut-off functions C Q that depend solely on the hyperbolic distance 
to Pj such that Q is supported in Bs{pj) and = 1 on B^[pj). By Lemma l6 . 91 these can be chosen so that 
the sup norms of the magnitude of the cut-off functions and their derivatives are independent of j. The 
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bounding estimates of Lemma l() . 81 when applied to this cover can then be chosen to be independent of j. 
Thus we see 



i 

where the last line follows from uniform local finiteness. We then use the Basic Estimate to bound ||u|L,,w„x 
uniformly by ||/|| and the proof is complete. 

■ 

Corollary 6.12 Under the conditions of Theorem \6.11\ Dom{P^) = W^iD). 



7 Tangential Estimates 

The tangential components of the partial Fourier transformation are more problematic. The domain of 
each is difhcult to describe concretely and certainly contains elements not in ^^{D). The operators 
Pj do not possess strictly coercive Dirichlet forms. Indeed, the following example shows that we cannot 
expect a full gain of local regularity at the boundary for solutions to Pju = f even when D is precompact. 

Example 7.1 Let D be the domain {|w — 2j| < 1} and set zq G dD to be the point zo = l + 2i. Fix q ~ 1 
and 1/ = 0. Fix any a G such that r{a) > 0. Such a cr must exist by subellipticity of D^^. Now let 
u be the function u = s^^"^^^"^ log(w — zq) with the logarithm defined by cutting to the right of zq. Then 
u e L^{D) and W^u = 0. Therefore Pju = T{cr)u E L'^{D). However W^u = s^('")/2^£|^ + X{a)u has a 
singularity at zq which is not L^-integrable. □ 

This example shows that we cannot expect a full gain of two FoUand-Stein derivatives up to the boundary 
on the tangential component. However it does indicate some of the possibilities we might hope for. For 
instance, we may expect regularity for the derivative W^u or some degenerately weighted regularity of u. 

Lemma 7.2 Suppose 1 < q < n — 2 and the pair {D, i/) satisfies either f 6'i|] or \C"^ . Then for any a G 
the operator Pj has closed range as unbounded operator on L^{D). Furthermore 

(a) IfT{a) > then Pj is a bijection from Dom{Pj) to L^{D) and for all u G Dom{Pj) 

\\u\\<i^^,r'\\pj\\. 

(b) //r(cr) ^0 and f e {Ker{Pj)}^ there exists a unique u G Dom{Pj) nW^{D) Ci {Ker{Pj)}^ such 
that Pju = /. In addition if f e Wj{P>) then u G Wj+'^{D) and there is a constant C independent 
of a and f such that 

ll"ll#-j= + ^(_D) - ^IUII#-j=(_D)- 

Proof: First we assume r{a) > 0, thus T{a) > 7q. Then we immediately see 

\\u\\<i^l)-'\\PJu\\ 

for all u G Dom(P^). Standard functional analysis arguments then imply that Pj is injective and has 
closed range. Since Pj is self-adjoint this also yields that Pj is surjective. 
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Now suppose r(cr) = 0. Then Ker{Pj) = Ker(W^). Choose / G {Kei{Pj)} . Recall that formally 
W* — —Wot- From the work of Section 13 we can find g G W^{D) such that Qa{v,g) — — (VFqW, /) for 
all V G W^lD). The Basic Estimate of Section implies that ^ ||/||- Since T{a) = we can 

apply Theorem inmi to find z e W^{D) such that WaW*z = g. Set u = W*z. Then ul.KeT{W^) and 
Qa{v,Wau) = -{WaV, /) for all V G 1^^{D). Since Dom(T^^*) = W^^D), this is sufhcient to show that 
u — / is orthogonal Range(Wg.). But both P^u and / are elements of Ker(Wcr)^ 3 Range(Wg.). Thus 
P^ u — f . The regularity theory and estimates of the previous section now yield 

||u||^j=+2j.^^ < ||^||^j=+3p) ^ ^ 1 1 -^11 #;'=(£)) • 

Here it should be noted that the uniformity is only over those a such that r(cr) = 0. That Pj has closed 
range follows immediately from this estimate with fc = 0. 

■ 

In the case r(cr) = we can go further and immediately produce local estimates. From a simple 
application of Theorem 16 . lUI we see 

||Cu||,^j= + 2(^) < ||C'^||^J= + 3(£,) < ||C'5||.#.jc+l(£,) + ||C'Z|| < ||C5||^j=+l(£,) + ||CU||- (7.1) 

Choose cut-off functions ^ C ^' C C' C C- Running through arguments almost identical in nature to those 
of Section El we get 

ll?5||#-„'=+i(D) ^ IK-^ll#'j=(_D) + IK^II- 

The gain of only a single derivative is due to the presence of a derivative in the right hand side of the 
equation defining g. Combining, we get the following local estimates when T(a) — 0, 

U4w^^+'(D) < l|C^-^"ll + l|C"|| + \\(w„4- (7-2) 

Corollary 7.3 Suppose D is precompact. IfT{a) > 7o then Pj is injective, otherwise Ker{Pj) is infinite 
dimensional. 

Proof: The first part is a trivial consequence of Lemma FT^ For the second we note that if T{a) = then 
u G Ker(P^) if and only if s~'^('^'/^u is holomorphic. Since D is precompact, the space of functions 
that are holomorphic on D is infinite dimensional. 

■ 

Lemma 7.4 Suppose I < q < n - 2 and {D,v) satisfies {HJ) or ^HB- V Pju = / G ^J'iD) for k > 
then WaU G W^^^{D). Furthermore there is a uniform estimate 

||W^(TM||^jc+lp^ < l|/||^j=(D)- 

Proof: If fc > then we note that W^f = W^Pju = P^W^u. As W^f G W^-^{D) we can apply 
Theorem 16. Ill to establish the result. 

If fc = we instead note that for all t; G yT^ {D) we have V[a) ( v , W^u ) + (u, W^u) = ( -W^v , / ) . 
Now WaU G Dom(Ty^) = W^iP)) so we can apply the Basic Estimate of SectionElto see that 
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Corollary 7.5 Under the same conditions as Lemma \7.4[ if u ^ \^Ker{Pj)^ and Pju G W^iD) then 
u G "W^(jy) with a uniform estimate 

\\Gi<y) "||^j=(£,) ^ \\Pa 

Proof: If r(f7) — then in Lemma [7.21 we have already established a vastly improved result. Namely 
u G W^^'^iD) with estimate. If V{p) > 7o then by the previous lemma 

r(a)u = P/u - WlW„u = pju + WjV^ 

= pju + WjWaU +{v~ \)W^u G Wj{D). 

Furthermore since v \& a, fixed constant and is a cr- uniform operators of order 1, we also obtain a 
uniform estimate for r(cr)u. Since we currently assuming q > Q and T{a) > we have the estimate 
G((t)^ < (l + (7o)^^) r(o'). This is sufficient to complete the proof. 

■ 

Combined with the local estimates of 17.2|l . this quickly yields the local estimates 

Corollary 7.6 For cut-off functions ^, C satisfying and the following local estimate holds uni- 
formly for u G {Ker{Pj)}'^ 

UG{ayu\l^,^^^ < \\CPju\\y^,^D) + IK"|| + \\CWau\\. 

Remark 7.7 The results we have already shown are already sufficient to establish a sharp regularity 
theorem for each Pj with uniform estimates. Namely, we have that for fc > 

Pj : {u G WjiD) : W,u G Wj^'iD)} H {Ker(P7)}^ Wj{D) n {Ker(P/)}^ 
is an isomorphism. 

This initially looks a little weaker than the result of Lemma [7. 21 (jbj when T{g) = 0. But it is easy to 
check that Pj is continuous between these spaces. The existence and uniqueness of solutions then implies 

{u G Wj{D) : W^u G Wj+^D)] n {Ker(P/)}^ = {u G Wj+^{D) : W^u G WJ+\D)} n {Ker(P7)}"^ 
when r(cr) = 0. 



8 Weighted Tangential Estimates 

The results of the previous section are not that satisfying; they do not answer the question of whether we 
obtain any form of gain of regularity generic directions. By Example 17. II we know that we cannot expect 
any gain of FoUand-Stein regularity for the derivatives Wa-u, however we can establish weighted estimates. 

Throughout this section we shall again adopt the convention that unlabelled norms and inner products 
are taken to be with respect to L^{D). 

Definition 8.1 The spaces J {U) are defined inductively by 

with equivalent norms and 

^^i#;^'(C/) = {u G M^W^iU) : qW„, qW, G S^'lW^ifJ)] . 
The norms for k > are inductively defined by 

iiii2 II ||2 II ||2 II 1 1 2 
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Definition 8.2 The space W^'^°'^{D) is defined to he the collection of all u G L^{D) such that for all 
precompact sets V C V we have u G W^{V fl D). We shall make analogous definitions for other function 
spaces. 

It is worth noting that this definition implies local differentiability at the boundary as well as in the interior 
of D. For precompact domains D we easily see W^'^°'^{D) = W^{D). 

Next we introduce the formalised operators Ra = G((t) — WaWa- and Ak.ct = KG{a) + g^Ra- The 
operator R^ is formally equal to Pj but without boundary restrictions on its domain. The key regularity 
result we use is the following 



The operator R^^ is uniformly elliptic on any compact subset of D. The proposition follows from 
careful analysis of the bounding constants of the standard regularity theorems of elliptic operators. See for 
example, Theorem 8.8 in [B]. We make the observation that on any sufficiently narrow collar neighbourhood 
of a compact portion of dD the function q is equivalent to the Euclidean distance to the boundary. The 
precise details are tedious but routine, and so will be omitted. 

Definition 8.4 Foru,v (l£i^W^{D) we define the sesquilinear form 



Proposition 8.3 



(a) Ifue WJ-{D) n Dom{R„) then u e 

(b) Ifue ^^W°{D) n Dom{R^) then u e ^IW^^^^^iD) 



QK{v,u)^K{G{<jf) {v,u) +T{<T){gv, qu) + {qW^v , qW^u) + {{W q)v , gW^u). 



Lemma 8.5 For sufficiently large K there is a uniform estimate for u G 3^l^W^{D) of type 




For u £ C^{D) 



( gWaU , gWcrU 



) = {W^{g^u)~2{Wg)gu, W,u) 
= {g^u, -^WoWau) -2{(Wg)u, gW^u 



-2{{Wg)u, gWau) 

( g^U , [(1 - J^)Wa - WaWa + Wa~Wa- X{(j)]u 

-2{{Wg)u, gWau) 
(g^u, {l-i^ -Wa)Wa) -{gu, vgWau) 




-2{{Wg)u, gW^u) 

gWau"^ + 2( {Wg)u , gW^u ) — iy(^gu, gW^u 




2{{Wg)u, gW,u). 
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Thus we see that 2Qj^(u, uj can be expressed 

2Q^(m,u) = 2KG{a)^\\uf + {2T{a) - X{(T))\\guf + \\gW^uf + \\gWauf 
+ 2{{Wg)u, gWau) ~2{{Wg)u, gWau) 
— L'{ gu , gWcru) + h'{ gu , gW^u) . 

We recall from Lemma f6. 21 that A(ct) < G{a)'^ so by a standard small constant, large constant argument 
we get a bound 



for sufficiently large K and u G C^{D). Appealing to a density lemma fTheorem IA.5I ) completes the 
proof. 

■ 

Corollary 8.6 For sufficiently large K if u G S^lW^{D)r^:^^lW^^''°''{D)r\Dom{AK,c) then u G S^lW^iD). 
Furthermore there exists a constant C independent of a ^ "VJ such that 

for allue^lW°{D). 

Proof: The proof of this result is very similar in nature to that of Lemma 16.81 and we shall only sketch 
out the argument here. 

Since u G ^lW°{D) n V)o\n{AK,cr) we see that 

Qk{v,u) = {v , AK,au) 

for all V G ^^W^{D). Therefore by Lemma [8.51 we obtain a uniform estimate 

Let X be any ct- uniform operator of order 1 and ^ C C smooth cutoff functions. For any functions 
u,v E C^{D) we then get 

Qji{v,gX^u) ^K{G{<jf}{v, gX^u) +r{a){gv, g^X(u) +{gW„v, gW^gX^u) 

+ {(Wg)v, gW^gX^u) 
= QK{^X*gv,u) ^T{a){ gv, giXg)^u) + {gW^v + {W,g)v , [gW,,gX^]u) 

+ ( [^X*g, gW^]v , gW^u) + {^iX*W,g)gv , gW^u) 
= {X*g^v , Ak.cfCu) + ( gLiv , gLi(u) + ( gLiv , {gLi + g^X{a)Lo)C,u) 

Setting V — gX^u and applying Lemma l8 . 51 then implies that 

lk-'^C"IUi^_o(D) ^ ||^a:.<tCu|| + ||Cu|Ui^j>(£,) + ||e^G(CT)^Cu||- 

The bounding constants can be chosen to depend solely on the functions ^, ^ and their derivatives. The 
final term can be easily controlled in a manner analogous to Lemma 16.81 to yield a uniform estimate 

Next we use the density of C^{D) in ^lW^{D) f Theorem IA.5|I and the continuity of AK,a as an 
operator between ^^W^iD) and L^{D) to see that these are genuine estimates on the whole of ^^#^°(-D). 
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We only a priori know that u € ^lW°''^°''{D), but since ^ and C have compact support in U this is sufficient. 
The details here mimic Theorem 16. 101 

We can then construct a uniformly locally finite cover of D by hyperbolic balls as in Theorem 16. 1 II and 
choose 5 and C to depend on the hyperbolic distance to the centre of each ball. Summing over the cover 
yields global regularity and the desired estimate. 



Theorem 8.7 If u e Dom{Pj) n {Ker{Pj)}^ and Pju e W^^{D) then u G ^lW^{D). Furthermore 



there is a uniform estimate 



< II P^7;ll 
?J^j=(-D) ^ W <^ "ll#-j=(_D)- 



Proof: Since this result is implied by the stronger estimates of Lemma 17.21 when r(cr) = 0, we shall 
suppose throughout that r(CT) > 7o > 0. 

First suppose fc > 0. Let Xk-i be any (j-uniform operator of order fc — 1. Then by the work of the 
previous section we know that Xk-iu G W^{D). Furthermore 

RaXk-lU = Xk-lRaU + (ife + XLk-l)u 

we is easily seen to be in L^{D). Thus by Proposition 18.31 we have Xk^iu G ^^#^^''°^(Z3) and then by 
Corollary IHH we see Xk^iu G ^lWj-{D). This implies u G M^W^{D) and hence gu G W^+^{D). 

We now recycle this argument letting Xk be any cr-uinform operator of order fc. Then XkQu G W^{D) 
and RaXkQU is easily seen to be in L'^{D). Thus we see Xkgu G ^lWj-{D). This is easily sufficient to 
see that u G ^1'W^{D). The uniform estimate is an easy consequence of Corollarv 18 . 61 after we make the 
observation that 

by the results of the previous section as g and its derivatives are bounded on D. 

When fc = we cannot apply the first step of the above argument so must find an alternative way to 
show that u G .S^lW^{D). 

I . - X be the closure of C^iD) in SglW^{D) under the norm 

and consider the sesquilinear form on X defined by 

{v, u) = Qj, {v, u) + iK + r(a)-i) ( W^f , W,u ) 
By Lemma [8. 51 this form is strictly coercive in the sense that there is some C > such that 



Mx<c 



for all u £ X. The Lax-Milgram Lemma then implies that if / G L^{D) then there exists a unique u € X 
such that (u, u) = ( u , / ) for all w G A". 

For V & X we see that for some constants C, C 



\{W,v, {KG{af + g^)W„u) \ < C Q^{v,u) 



C 



IK 



v,u 



gWa-v , gWa-u ' 



< 



c'llHI {||/|l + 



We note that C^{D) C X and appeal to Lemma I A. 61 in the appendix to see that C'^{D) is dense 
in 'Dom{Wa) in the graph norm. Thus the functional v i-^ (^W^v , {KG{aY + g'^)WaU^ is bounded on 
Dom(VFff) and (if G((t)^ + g'^)WaU G Dom(M^*). For sufficiently large K we see KG{aY + g^ is uniformly 
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bounded below by some positive constant. From the defining properties of g it follows that {KG{a)'^ + 
is smooth on D and has bounded W and W derivatives of all orders. It is easy to check that the domain 
of Wg. is closed under multiplication by such functions. Thus we see W^u e Dom(iy^) and u e Bom{Pj). 
The function uG X C MlW^{D) is then the unique solution to Pju = {K{1 + T{a)-'^) + g^}/. This is 
sufhcient to see that Dom(P/) C ■!%],W^{D). The rest of the proof now procedes exactly as when fc > 0. 

■ 

We can now state a unifying theorem which both yields sharp uniform estimates for Pj and addresses 
the issue of regularity gains in all directions at the boundary and in the interior. 

Theorem 8.8 Suppose {D, v) satisfies either \CA\) or \C^) and \ < q < n ~ 2. Then for all a G the 
operators 

Pj : {u e MlW^{D) : G W^+\D)} n {Ker{Pj)}^ ^ W,\D) n {Ker{Pj)}'- 
are isomorphisms. Furthermore the hounding constants are independent of a. 

The second of these follows from an easy adaption of the techniques we have used to show the first. 

9 Regularity and Estimates for 

We shall now restrict our attention to the class of domains described in l|4.1(l . i.e. fl — D x N in the strictly 
pseudoconvex manifold M ~ V x N . For the analysis of the preceding sections, this demands that we 
restrict our attention to precompact sets D. We shall permit v to be any non- negative constant and it will 
be suppressed from any notation. 

We need weighted versions of the FoUand-Stein spaces to deal with the weighted estimates of the 
previous section. Accordingly we define 

Definition 9.1 We define the spaces r^.9'^{^) inductively by y^y^ifl) = and 
with corresponding inductively defined norms. 

Here V[t] is the tangential component of the connection given explicitly by 

V[H] = V[T] + Vy (S)0° + Vy (E) 0". 

Since we are assuming that D is precompact, we may take p to be any smooth defining function for D and 
identify it naturally with a function on M. 

There are currently no sharp trace theorems for the FoUand-Stein spaces on strictly pseudoconvex 
CR manifolds. However we can employ the partial Fourier decomposition to develop a useful notion of 
vanishing at the boundary. 

Definition 9.2 We shall say a (fi,q)-form ip G =5^g (fl) vanishes on the boundary dfl and write ip G S^g (fl) 
if each function ipj , (f^ in the partial Fourier decomposition of ip is contained in Wj{D). 

It is not difficuh to show that J^g (1^) is equal to the closure of C^i^l) in ygi^l). Also i^g (O) = {fl) n 
J^g{il,). We can now describe the domain spaces for our sharp estimate for Dj^. 
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Definition 9.3 

with norm 

II iP — II 11^ II -L|P IIy7_ T||2 

In particular, we note that y^'^-' {^l) C S^g'-' {Vt) C ^g'^(il) with the inclusion maps continuous. 

Now set KP''^ := Ker(njj) with regarded as an unbounded operator on i^(Ag'^il). Then since 

it follows immediately that /C°'« = Ker(aj nKer(a^). 

Theorem 9.4 Suppose Vl is as in (|4.1|l . Fia: 1 < < n — 2. T/ien /or each k > 0, the operators 
are both isomorphisms on {0, q) -forms. 

Proof: Expand out the (0, g)-form ip in terms of the partial Fourier decomposition and decompose the 
relevant norms using Lemma l4.1t)l . Apply Theorem lti.lll to each of the tranverse components and Theorem 
18. 81 to each of the tangential components of (p. The constants are uniform across all choices of cr so a simple 
comparison theorem argument completes the proof. ■ 

Corollary 9.5 Suppose the {O,q)-form G S^g{il) satisfies 9^<r = and ^^X/C"''. Then there exists a 
unique ip € 3''g'^{^l) such that ipl.KP''^ and d^^ip — <;. Furthermore there is a constant C independent of ^ 
such that 

Proof: By Theorem 19.41 there exists a unique a G 3^g''^ {^)LKP''i such that □jjO; = {df^Bl + dldf^)a = ^ 
and ||a|| ^fe,2,„> < C'lkll ^ktn\ for some C" independent of From d^<, = it follows that ± Range ( 9^* ) 

and so = df^d^a. Take ip = d'ia. From the proof of Lemma [4. 101 we know that (dj)* and Vy commute. 
Tangential derivatives map =57+^(0) to S^^ifl). Thus from Lemma Ol it follows that d; is a bounded 
linear operator from 3^g'^{U) to J^j^'^(O). 

■ 

Lemma 9.6 Suppose 1 < g < n - 2. // H°„«(iV) then /C°'« = otherwise dim/C°''' = oo. 

Proof: A (0, q)-ioim ip is in /C°'^ if and only if (p-^ = and ip'^ expands as a sum of forms (pJ(J such that 
r(cr) = and Wa(pJ = 0. Now {a e YJ : r{a) = 0} = H^'^iN). If this set is non-empty then we can 
construct elements of /C'^''' from any holomorphic function multiplied by an appropriate power of s. m 

Corollary 9.7 //H";?(iV) = then H";?(17) = otherwise dimH°'^{fl) = oo. 

Proof: This now follows immediately from the observation that /C'^''?±Range(9j,). ■ 
Lemma 9.8 The operator is hypoelliptic up to the boundary if and only if H'^a{N) — 0. 
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Proof: If H";,'(iV) = then is injective by Lemma EHl Thus by Theorem El if U^^ip € C°°{n) then 
(p — [J yg{il.). Since there is a continuous inclusion S^g''{Q) C hypoelhpticity follows from the 

fc>0 

Sobolev Lemma. 

If H°;«(iV) ^ then we can choose some a £ such that r{a) = 0, then following Example 17.11 we 
can easily construct (p € KP''^ such that ^ 

■ 

It is worth pointing out here that regardless of the cohomology of the foliating manifold N, the operator 
1 + is always hypoelliptic up to the boundary of fl. Likewise is always hypoelliptic in the interior. 

Lemma 9.9 For any 1 < q < n — 2 The bounded operator (1 + D;,)^^ : L'^{fl) L'^{fl) is not compact on 
(0, q)-forms. 

Proof: If H'^n{N) ^ then this can be seen from Lemma IH^Bl However in general this is really a statement 
about the operators Pj . Fix wq £ D and e > such that the disc |w— wo| < e is contained in D. Choose any 
cr G and let / be a function on D that can be expressed as the product of s(-^('^)+'^)/2 and a holomorphic 
function. Then (1 + Pj)f = (1 + T{<7))f. Now consider the sequence fk where fk = s^^^'^^'^'^^^'^CkW^ 
where Ck is chosen to make ||/fe ||^2(j3) = 1- If some subsequence fj converges in L'^[D) then the same 
subsequence must converge in L^(|it; — wqI < e). However the functions {w — wq)^ are mutually orthogonal 
on I w — Wo I < e in the Euclidean metric. Since s is bounded above and below on this disc, it follows that 
the subsequence fj cannot converge on \w — wq\ in the hyperbolic metric. Thus the bounded sequence 
fk has no convergent subsequences and so (1 + Pj)^^ is not compact as an operator on L'^[D). 

■ 

As an immediate consequence of this, we see 
Corollary 9.10 The operator is not globally subelliptic on Vl, i.e. there is no e > such that 

For completeness, in addition to the global theory, we can combine the results of Theorem I6.1(JI and 
Corollarv l7.6l to establish the following local estimates for D^. 

Theorem 9.11 Under the same conditions as Theorem \y.4\ then for all k > and any pair of smooth 
cut-off functions <Z on M that depend solely on w there is a constant C > such that 

whenever ip G 3^g''^{^l). 

A Density Results 

This section is dedicated to proving the various density results used at various stages throughout this 
paper. We shall often use W^{D) when a statement holds for all W^{D). We shall use the notation S^^W^ 
to describe weighted spaces exactly as in Definition 18. II but shall only insist that the weighting function p 
be a smooth defining function for D. 

Definition A.l The pointwise norm associated to W"^ of a sufficiently differentiate function is given by 

E \w'w''f\\ 

j-\-k<7n 
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Throughout this section let I? be a smooth open domain in U such that the functions s and t are 
bounded on D. We define Dt — {w Si D : s < e} and = {w G : s > e}. 

Definition A. 2 If X is a space of functions defined on D then Xj^ is defined as 

~ {f E X : there is some e > such that f — on -Dl}. 

Lemma A. 3 There exists a family of smooth functions {^n} in C^{D) and constants Ci,C2, . . . such 
that 

(1) Each is supported in D^" and is identically one on D"^^ 

(2) < Cfc for all n. 

Proof: Fix a smooth function ^ on the real line such that |^(x)| < 1 everywhere, ^(.x) = on |a;| < 1 and 
£,{x) = 1 on |x| > 2. Set Ck to be an upper bound for ^f'^' on M. Now define ^n(w) = £,{ns). Then 

But ^^J^ns) — unless 1 < ns < 2. So we see 

(W'60H| <2'E2'cJ■• 
i<fc 

The derivatives of other types can be controlled in a similar fashion. 

Corollary A. 4 

(a) W_^{D) IS dense in #''=(£>). 



(b) //sup IpI^j^j,^^ < oo then ^'iL'^{D) is dense in ^.^L'^{D). 



Proof: In either case it is easy to see that — > / in the relevant norm. 



Theorem A. 5 // sup < oo then C^{D) is dense in^%''L^{D). 



D 



Proof: The proof runs by induction. The condition that sup < oo is necessary only to guarantee 



that W^{D) C M^L^D). By Corollary El it is sufficient to show C°^{D) is dense in ^IL\D). 

Let N be the gradient of p viewed purely as a function of w. Then is a smooth vector field that is 
non-vanishing in a region {— e < p < e} for some e > 0. Let be the maximal flow for where ^ is a 
smooth function with < ^ < 1, ^ = 1 on |p| < | and ^ = on |p| > e. For a function f on D and small 
(5 > 0, define a new function f^ by f\z) ^ fo Q{z, S) = 9^/. 

Claim: If u e ^^L^iD) then e W''{D) and ^ u in ^^L^{D). 

Sub-claim 1: For sufficiently small 5q and e > 0, the operators 8^ for Q < 5 < 5q are uniformly bounded 
on L^{D%). 
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Recall that dV = s~'^ds A dt. Since Q-s is orientation-preserving, there is a smooth function Bg such 
that Bs > and Q*_gdV = BsdV. The functions Bs are smooth everywhere and converge uniformly to 1 
on the compact set D*^. Thus for some the functions B4 are uniformly bounded above on by some 
constant Co for all < 6 < So- 



\f'\\l^iDj^) = I \^sf\'dv= I eui<ds\ffdv) 

= [ \ff@*_,dV= [ Bsiff dV 



< C'o \\f\\L^(0s{Dl)) ^ C'o 11/11^2(^3^^) . 

T 

This allows us to prove that the claim is true for fc = 0. Choose u in .^^L^ and fix e such that u 
is supported in D"^. Thus for sufficiently small 5, is supported in {s > e}. If /i G C§°{D) then h is 
uniformly continuous and converges uniformly to h. We then recall that any L'^ function on a compact 

domain can be approximated by compactly supported smooth functions. Finally apply sub-claim (1) to 
observe that \\h^ — g^Wi'^^D) ^ ^o||'''^-9||l2(£)-)- A simple triangle inequality argument completes this step. 

Now suppose the main claim is true for all j < k and fix u e ^:J_L^(D). Choose an e such that u 
vanishes on D^. 

Sub-claim 2: For small d, G and {WuY , (Ww)"^ e W'-^{D). _ 

We argue by direct computation. The vector field Qs*W is a smooth combination of W and W. Thus 



j\W^u^fdV= j Q*_Aw^u^\^ BsdV 



= J \{es*W)''u\^ BsdV 

<Co j \{es*w)''uf dv < 00. 



where the final inequality follows from the observation that u € W''{lds{D^)). The other derivatives and 
cases are proved similarly. 

T 

Sub-claim 3: For small 5 there exists a constant Cp such that sup — p\ < Cp5. 



Since © is the flow of the gradient of p near dD, we have 

< p\z)-p{z) = j\iN{@{z,a)) , ^@{z,a))da 
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Sub-claim 4: piWu^ - pWu^ in .^''~^L'^{D). A similar result holds for W. 
Again we compute directly that 

? r 1 ^ 



1 

J2 







(Ss^pW)'' (p-^^{w -es,w)u 



BxdV. 



Now as 14^ is a vector field with smooth coefficients we see that Qs*pW pW and j{W — Qs*W) — > [N, W], 
both locally uniformly. In addition u is supported in Z?*^ . Therefore this integral can be uniformly bounded 
as (5 ^ 0. Thus 

The other derivatives are then handled in a similar fashion. 

T 

We are now ready to prove the main claim. The first part of the statement was proved in sub-claim (2) 
so it only remains to show the convergence property. But 

\\pWiu' - u)|L,_,,, < WipWuY - {pWu)\\^,_,^, + \\piWu)' -pWu'\\^,_^,^, 



+ \\ip'-p){Wu) 



i5|| 



The first term tends to zero by induction, the second by sub-claim (4) and the third by sub-claims (2) and 
(3). 

▼ 

To complete the proof of the theorem itself we note that each W^{D) is equivalent to the standard 
hyperbolic Sobolev space of order k on D. Thus for 5 sufficiently small, can be approximated in the 
'W''{D) norm by functions in C°°{D). Since is easily seen to be in ^'^L^{D) we can replace C°°{D) 
with C'^{D). The proof is then completed by a straightforward diagonalisation argument. 

■ 

Lemma A. 6 With W considered as an unbounded operator L'^{D) to L'^{D), C^{D) is dense in Dom{W) 
in the graph norm || • || + ||W^ ■ ||- 

Proof: By CoroUarv I A. 41 it is sufficient to prove the result for Dom+(M^). The operator W is elliptic so 
Dom(VF) C ^oc(^)- Therefore if U is any precompact open set with U C D then u^u G W^{U) whenever 
u e Dom(VF). 

Thus following the proof of Theorem lA.5l we see that if u G Dom+(Vt^) then G W^(D). The argument 
for sub-claim 4 in the previous lemma can easily be adapted to complete the proof. 

■ 

Definition A. 7 For fixed < q < n ~ I we define the space C^''^\n) to be the collection of {0, q)-forms 
in Lg{fl) such that each function of the partial Fourier decomposition is in C^{D). 

Corollary A. 8 The space C^''^\Q) is dense in Dom{df^) in the graph norm. 

Proof: If a (0, q)-iorm if is in Dom(9j) then each element of its partial Fourier decomposition is in 
Dom(VF). Thus it can be approximated arbitrarily closely by a smooth function on D. A simple argument 
then allows us to construct the partial Fourier decomposition of a form in C^'''^ (O) which approximates ip 
arbitrarily closely in the graph norm of 9^. 
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Lemma A.9 The set C^{D) = {u {D) : u = Q on dD} is dense in 

Proof: Again it is sufficient to show that any W^{D) can be approximated by compactly supported 
smooth functions. Any such u vanishes on some D^J it can be viewed as an element of W^{D') where D' 
is a smoothly bounded precompact domain such that the part of the boundary above s = e coincides with 
the boundary of of D there. This new domain D' can easily be chosen so that u G W^(D'). 

As D' is compact it admits a well-defined continuous trace function from W''{D') to W^~^^-^{dD') 
with continuous right inverse. Let w„ £ C°^{D') converge to u e W^{D'). As u G W^{D') the trace of 
u is identically zero. As the trace is continuous this implies that the traces of the functions Vn converge 
to zero in W^-^l'^ipD'). The right -inverse of the trace maps smooth functions to smooth functions and 
is continuous into the W'^{D') norm. Thus when wc extend the traces of the sequence u„ back onto D' 
the resulting functions converge to zero in the W''{D') norm. Subtracting these functions from Vn then 
produces a sequence of functions in C^{D') that converge to u in 'W''{D'). But since u vanishes on 
{s < 2e} these smooth functions can easily be extended to C^{D) in such a way to obtain convergence in 

■ 
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